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Abstract: We discuss ideal derealization of fermions in a bulk 577(2) x SU(2) x U(l) Hig- 
gsless model with a flat or warped extra dimension. So as to make an extra dimensional 
interpretation possible, both the weak and hypercharge properties of the fermions are delo- 
calized, with the U(1)y current of left-handed fermions being correlated with the SU(2)w 
current. We find that (to subleading order) ideal fermion derealization yields vanishing preci- 
sion electroweak corrections in this continuum model, as found in corresponding theory space 
models based on deconstruction. In addition to explicit calculations, we present an intuitive 
argument for our results based on Georgi's spring analogy. We also discuss the conditions 
under which the essential features of an 577(2) x SU(2) x U(l) bulk gauge theory can be 
captured by a simpler 5^7 (2) x 5^7 (2) model. 
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1. Introduction 



Higgsless models [|T| have gained popularity because of their ability to provide an alternative 
mechanism of electroweak symmetry breaking that forgoes a scalar Higgs boson Q. Much 
has been written about models || ||| based on a five-dimensional SU (2) x SU (2) x U (1) gauge 
theory in a slice of Anti-deSitter space, in which electroweak symmetry breaking is encoded in 
the boundary conditions of the gauge fields. The spectrum includes states identified with the 
photon, W, and Z, and also an infinite tower of additional massive vector bosons (the higher 
Kaluza-Klein or KK excitations), whose exchange is responsible for unitarizing longitudinal 
W and Z boson scattering 0, § • 

The properties of Higgsless models may be studied [ji], 11, 12, [L4|, [L5], 16] using 



deconstruction 17, 15] which leads one to compute the electroweak parameters aS and aT 
[ |i~S| , 20| , 21] in a related linear moose model [22]. We have shown [16] how to compute all four 



of the leading zero-momentum electroweak parameters defined by Barbieri et. al. 23] in a 
very general class of linear moose models. We have demonstrated that a Higgsless model with 
localized fermions cannot simultaneously satisfy (1) unitarity bounds, (2) provide acceptably 
small precision electroweak corrections, and (3) have no light vector bosons other than the 
photon, W, and Z. We also found that localizing the hypercharge properties of the fermions 
at a single U(l) site adjacent to the chain of SU(2) groups on the linear moose caused Ap 
(Y in the language of Barbieri et al. p3|]) to vanish. 



Following proposals [24, 26] that delocalizing fermions within the extra dimension* can 



reduce electroweak corrections, we showed [^] in an arbitrary Higgsless model that choosing 
the probability distribution of the delocalized fermions to be related to the wavefunction of 
the W boson makes the other three (S, T, W) leading zero-momentum precision electroweak 
parameters defined by Barbieri, et. al. [^] vanish at tree-level. We denote such fermions as 
"ideally delocalized" . 

In this paper, we provide a continuum realization of ideal derealization that preserves 
the characteristic of vanishing precision electroweak corrections up to subleading order. The 
challenge is as follows. We have found that deconstructed models with Ap = have the 
hypercharge current of fermions localized at one site while models with small S, T and W 
have the weak current of fermions ideally delocalized over many sites. This situation is 
perfectly consistent in the context of a theory-space moose model, but is difficult to interpret 
as a model with an extra dimension. After all, left-handed quarks and leptons carry both 
SU(2) and U(l) charges, yet should have a single profile along the extra dimension. 

We show here that arranging for the derealization of the left-handed U (1) fermion current 
to be correlated with the ideal derealization of the fermions' SU (2) properties provides 
a resolution in the context of a bulk SU(2) x SU(2) x U(l) model. The moose diagram 
corresponding to this continuum model is shown in Fig. |l|. Two species of bulk fermions 
are introduced. Fermion A feels the SU(2) gauge field of the ^4-branch weak groups, while 



*In deconstructed language, derealization means allowing fermions to derive electroweak properties from 
more than one site on the lattice of gauge groups | p7| , p8| 
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Figure 1: The moose description of the extra dimension model discussed in this paper. The unshaded 
and shaded circles represent SU(2) and U(l) gauge fields; brane kinetic terms are located at the thick 
circles. Two species of bulk fermions are introduced: fermion A feels the gauge fields of the A-branch 
of SU(2), while fermion B couples to the _B-branch fields. Both fermions couple to the same bulk U(l) 
gauge field. The derealization of left-handed U(1)y current is therefore correlated with the SU(2)w 
delocalization. 

fermion B couples to the B-branch fields; both couple with the same bulk U(l) gauge field. By 
calculating the profiles of the gauge bosons and fermions, and their couplings to one another, 
we will demonstrate that ideal fermion delocalization, as realized here in the continuum, 
still ensures the vanishing of the leading zero-momentum electroweak precision observables - 
including Ap. Moreover, we will find that the essential features of the theory-space model 
can be captured by an even simpler SU(2) x SU{2) continuum model, which can then be 
used to study other aspects of the phenomenology of Higgsless models |Kj . 

Section 2 uses Georgi's spring analogy |15| to provide an intuitive understanding of the 
correspondence between the SU{2) 2 x U(l) model and the SU(2) 2 model. Sections 3 and 4 
provide detailed analyses of ideal delocalization in bulk SU(2) x SU{2) x U (1) models in flat 
and warped space, respectively. The calculation of electroweak observables and is discussed 
in section 5. In section 6 we consider the effect of a TeV brane U(l) kinetic energy term and 
show that, unlike the case of a Planck brane term, there is no correspondence to an SU (2) 2 
model and there are nontrivial electroweak corrections. Section 7 presents our conclusions. 

2. Mass-Spring Analogy 

In this paper, we study ideal fermion delocalization in the context of a five-dimensional 
SU (2) a £3 SU (2)b <8> U(l) gauge theory, considering both the case in which the fifth dimension 
is flat and the case in which it is warped. The coupling of both SU(2) groups is denoted g$w 
while that of the hypercharge group is written g^y. We also introduce brane kinetic terms 
of strength go and gy for SU(2)a and U(l), respectively. The corresponding moose model is 
shown in Fig. [l]. 

Explicit analyses presented in sections 3-5 will demonstrate that all four leading precision 
electroweak parameters (aS, aT, Ap, and ad j}H|]) vanish to order M^/Mj^. It will also be 
shown that the 7, W, and Z couplings and wavefunctions in this model are equivalent to those 
in an effective SU(2) x SU(2) model with a U(l) brane kinetic energy term of appropriate 
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strength. Before diving into the detailed calculation, we would like to provide an intuitive 
basis for understanding our results, using Georgi's spring analogy [15]. 



0-(H) O—O-OO O 

Figure 2: Linear moose diagram equivalent to Fig.|l|. The distribution of a left-handed fermion's 
U(1)y current is correlated with the SU(2)w current. 




Figure 3: Spring system corresponding to the neutral gauge-boson sector of SU(2) 2 x U(l) models, 
mo = 1/ffo an d m Y — 1 / 9y are larger than all of the other masses in the chain. 

The moose for the SU(2) 2 x U (1) model may be redrawn as shown in Fig. |2[ It is now 
straightforward to use Georgi's spring analogy to see that the spring system whose eigenmodes 
correspond to the neutral gauge-boson mass eigenstates has the form shown in Fig. 3. Here 
we associate each gauge group with a mass mj, each link with a massless spring with Hooke's 
law constant ki, and the spring displacements (xj) with the amplitudes of the corresponding 
eigenvectors of the gauge-boson mass matrix using |L5| the correspondence^ 



J I 



mi 



1 

9? 



(2.1) 



Under this correspondence, the mass-squareds of the gauge-boson eigenstates correspond 
to the squared frequencies of the spring system, and the eigenmodes of the spring system 



correspond to the amplitudes of the corresponding gauge-boson eigenstates [15 



Let us first consider the case of a flat extra dimension. In order to obtain light W and Z 
bosons, we work in the limits 



1 

Vy 



2 » „2 



irR 

9\y 



1 

7o 



2itR 



2 » „2 



9bW 



(2.2) 



and therefore the corresponding masses mo = 1/^0 and my = ^Idy in Fig. 3 are drawn as 
large. These conditions are required in order that the W and Z be much lighter than the 
KK resonances in these models []l5| , |l(f | . 

Consider the neutral gauge boson sector. Using our physical intuition, it is easy to see 
which spring system eigenmodes correspond to the photon and the Z-boson. The photon, 



'This correspondence is easy to see by comparing the potential energy of a spring system, ^2 i ki(xi 
Xi_i) 2 /2, with the quadratic form associated with the gauge boson masses, £\ fi(giA^ — gi-\ Af_ 1 ) 2 /8. 
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Figure 4: Spring system corresponding to the neutral gauge-boson sector of an SU (2) 2 model with 
my an effective mass as in eqn. (|2.3D. 



which is massless, corresponds to the uniform translation of the spring system - i.e. to a "flat" 
gauge-boson profile (see eqn. ([2.1|)) in which giAi is constant. Since there is no restoring force 
for this motion, this corresponds to a zero mode and therefore a massless photon. 

If mo and my are much larger than all of the other masses, the next lightest (low- 
frequency) mode corresponds to a "breathing mode" in which masses mo and my oscillate 
slowly opposite to one another. In this mode, the masses in the spring system between mo and 
my oscillate adiabatically, but the masses in the chain to the right of my oscillate uniformly 
with no relative motion. That is, the masses in the chain to the right of my have, again, a 
flat profile. To leading order, the only effect of the masses to the right of my is to change the 
effective mass of my to 

my = my + mi , (2-3) 

U(l) chain 

where the sum extends over all of the masses to the right of my - all masses in the U U(1) 
chain." Corrections to this picture due to oscillatory motion within the U(l) chain, will 
be suppressed by mj/m Y - To this order, therefore, the properties of the oscillatory modes 
corresponding to both the photon and Z are equivalent to those calculated in the spring 
system shown in Fig. 4. But this spring system corresponds to the neutral gauge-boson 
sector of an SU(2) 2 linear moose in which, as suggested by eqn. (2.3), the strength gy e s of 



the hypercharge brane kinetic energy term is taken to satisfy the relation 

1 1 irR . AX 

— = — + —■ (2.4) 
SVeff 9y g$y 

The properties of the W boson and the charged KK resonances Wi n >\) are independent 
of the U(l) portion of the moose. These charged eigenmodes are therefore identical in the 
SU(2) 2 (g) U(l) and SU(2) 2 linear mooses discussed here. In addition, we note that the 
contribution of the SU{2) 2 groups to the properties of the neutral gauge bosons is the same 
in both models. 

Finally, we may consider the corresponding situation in a Higgsless model in warped 
space. At first sight, the situation here appears to be different: the common deconstruction 
of this model has a single gauge coupling and geometrically varying /-constants |3l|, |32||. 



However, one may choose an alternative 'f-flat' deconstruction [29, 33] in which the couplings 
vary but the /-constants do not. In this alternate deconstruction, the analysis given above 
for a flat space model applies directly. 
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In sections 3 and 4 of this paper, we will see that the physical intuition just presented 
is born out by explicit calculations of the properties of the photon, W, and Z bosons in a 
bulk SU(2) 2 x f7(l) Higgsless model of electroweak symmetry breaking. Moreover, because 
the precision electroweak corrections aS, aT, Ap and a5 measure the degree to which the W 
and Z bosons of a given model differ from those of the Standard Model, we expect that the 
values of these precision observables will be the same, to leading order, for the SU(2) 2 (g) U(l) 
and SU(2) 2 models discussed here. Again, we will find, in section 5, that this is supported 
by explicit calculations. Note that this agreement occurs despite the fact that the profiles of 
the individual higher neutral KK resonances will be different in the two models. 

3. Explicit Calculations in Flat Space 

We consider a five-dimensional SU(2)a ® SU(2)b <8> U(l) gauge theory in flat space, in which 
the fifth dimension (denoted by the coordinate y) is compactified on an interval of length 
nR. In order to make M\\r and Mz sufficiently lighter than the other KK masses, we also 
introduce kinetic terms for SU{2)a and U{1) on the y = brane. The continuum 5D action 
corresponding to Fig. |l| is then given by 

S = £ R dy j d A x {-^(V ~ Q + W a Aflv W a ApX ^ x - -^5{y - O+^WV*} 

+ f^dy [ d A x^\-\wX, u WX pX V W V vX + lw^ y W^} 
JO J 9 5 WA I 4 1 J 

+ [^dy [ ^^{-i^^i/^^ + i^W^ir) 

JO J 9 5W B I 4 1 J 

+ £ dy j d 4 x-±- j-I^^r/ 1 ^ + \B m B vy r)^ , (3.1) 

with W\ (Wg ) being the SU(2) gauge fields in the A- (B-) branches and B^ being the 17(1) 
gauge field. These gauge fields satisfy boundary conditions, 

d y W^ = 0, W l B f t =0, W Bp = B^ -J—dyW^ + ^-dyB^O, (3.2) 

9bWB 95Y 

at y = 0, which break the original gauge group to SU (2)w x U (l)y , and boundary conditions 

W^ = W^, -J— dy W^ + ^—dyW^ = 0, d y B, = 0, (3.3) 
9BWA 95WB 

at y = ttR, which break SU(2)a x SU(2)b to its diagonal subgroup. For simplicity, in the 
following analyses, we assume the bulk SU(2) gauge couplings in the A and B branches are 
identical: g\ w = g\ w A = g\ WB . 



- 5 - 



We can unfold the original moose of Fig. |T[ to obtain an equivalent linear moose model 
as shown in Fig. |2[ The corresponding continuum action is 



3nR 

dy 



+ 



^ X {"Z^ ~ 0+)W ^ W P^ PT]UX ~ igT 5i - V ~ 27TR ~ O+^^WV*} 



3nR 



If 1 „ „ 1 



+ / d y I d 4 x— --B^Bpxrfrf* + -B m B uy rf v \ , (3.4) 



2-kB. J 9<jY 

with boundary conditions 

at y = : fyW° = (3.5) 

at y = 2irR : W 1 / = 0, -^-c^ 3 = -J-d^ (3.6) 

at y = 37T.R : = 0. (3.7) 

For the Fig. |2| linear moose, the weak SU{2) current distribution of a fermion^ 
is defined on y € [0, 2nR), while the left-handed U(l) hypercharge distribution, |^(y)|y, takes 
its value on y £ [2irR,3irR). These current distributions are correlated, as a consequence of 
the original folded structure (Fig. Q): 

\iP(y + 2TTR)\ 2 Y = \iP(y)\ 2 w + \iP(2irR-y)\ 2 w , for ttR > y > 0. (3.8) 

This observation is what makes it possible to generalize our results |29], |30| for theory-space 
models with ideal fermion derealization to five-dimensional gauge theories. 

3.1 Mode equations and modified BCs 

The 5D fields W£(x,y) and B^(x,y) can be decomposed into KK-modes, 

Wl> 2 {x,y) = J2 W t ]1 ' 2 ( x )Xw{n)(y\ (3-9) 

n 

W*(x,y) = ^(x)xj(y) + Y, Z ^ ] Xz{n){y), for y < 2vri?, (3.10) 

n 

B^x,y) = ^(x) Xy (y) + ^2z^xz(n)(y), fory>2vr J R. (3.11) 

n 

Here 7^(x) is the photon, and 2 (a?) and zj^\x) are the KK towers of the massive W 

and Z bosons, the lowest of which correspond to the observed W and Z bosons. Since the 
lightest massive i^i^-modes are identified as the observed W and Z bosons, we write 

M^ = M^ oy M 2 ^M 2 Z(o) , (3.12) 
Xw = XW(p) > Xz = Xz (0) ■ (3.13) 



*In practice a current distribution for the ordinary fermions means that the observed fermions are the 
lightest eigenstates of five-dimensional fermions, just as the W and Z gauge-bosons are the lightest in a tower 
of "KK" excitations [M. The fermion wavefunction is the wavefunction for this lightest eigenstate. 
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These mode functions obey differential equations derived from the 5D Lagrangian eqn. 
(H): 

o = d 2 yXw (y) + M^xw(y), (3.14) 

o = d 2 yX z(y) + M 2 zXz (y), (3.15) 

o = d 2 yXy (y). (3.16) 

which hold for + < y < 2irR and 2nR + + < y < 3ttR. The presence of brane kinetic terms 
is reflected in modifications of the boundary conditions. We find 

o = d yX w(y)\ y=0+ + xw(y)\ y=0 , o = xw(y)\ y=2 „ R , (3.17) 

for the W mode function, 

g 2 

= d yX z(y)\ y=0+ + -grMf xz(y)\ y=0 , xz{y)\ y=2nR ^ + = xz(y)\ y=2nR+0 + > ( 3 - 18 ) 
yo 

l 11 

-2—9y Xz{y)\ y=2 nR-0+ = ^2- d V XZ (y)\ y=2nR+0 + + ~T M Z Xz(y)\ y=2nR , (3.19) 

95W %y yy 

0=^ XZ (2/)U 37rii , (3-20) 

for the Z mode function, and 

o = yXj {y)\ y=0 Xj{y)\ y=27TR _ + = x 1 (y)\ y=27rR+0+ , o = d yXl (y)\ y=37rR (3.21) 
l l 

-2- 5j/X 7 (y) 1^=2^-0+ = 3~ d yXj(y)\ y=2nR+0 + ■ (3-22) 

for the photon. 

In order to obtain canonically normalized 4D fields (W, Z, 7), these mode functions are 
normalized as 

1= r R dy{^ + 5 -^P]\xw{y)\\ (3.23) 

Jo laiw % J 



f^ R f fl(2vrfl - y) 5(y - 0+) % - 2vri?) % - 27rfl) 1 . 

1 = / ^ I — 12 + — -2 — + — -2 + -2 \ \xz{y)\ 

Jo I 9 5W 9 9 5Y 9 Y ) 



fe(2nR-y) , S(y - 0+) , 0(y - 2vri?) , <J(y - 27ri?) \ , ( A|2 

f 

(3.24) 



I 9tw 9o 9l Y 9 Y J 

(3.25) 

3.2 Gauge Boson and Fermion Profiles 

We now derive explicit expressions for the profiles of the gauge bosons and ideally delocalized 
fermions in the fifth dimension. To help the reader obtain an intuitive feel for the shapes of 
the wavef unctions, they are sketched in Fig. || 
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Figure 5: Sketch of the gauge boson mode functions and ideally dclocalizcd fcrmion probability 
functions for the linear moose model. Note that, as seen from the text, Xz{0) — cxw(0) and Xt(0) — 
s Xw(fi) while Xz(y) is roughly parallel to Xw(y)- I n addition, the fermion profile is flat in the 
hypercharge region 2itR < y < 3itR. 



3.2.1 W profile 



The Dirichlet condition ( |3 . 1 7| ) at y = 2nR and the mode equation (3.14) determine the form 
of the W mode function \Wi 



Xw{y) oc sin [M w (2irR - y)] . 



(3.26) 



Because we are interested in situations where W has a much lighter mass than the compact- 
ification scale R , 

M w < (3.27) 



irR 



we may expand eqn. (HID in terms of M w , 



xw{v) _ Cw (l - ^) [l - 1 {Mw ,Rf (l - JLS' 4- 



(3.28) 
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with C\y being a normalization constant. The boundary condition ( 3.17 ) at y = then 
determines the size of the brane kinetic term, g 2 ., as a function of My/: 



2g 2 w M 2 v nR 



1 + -(M w ttR) 2 + 



which enables us to find the normalization constant Cw from eqn. ( |3,23| ): 



Cw = 2g 2 w M w irR 



l + -(M w irR) 2 + 



(3.29) 



(3.30) 



3.2.2 Z profile 

From the boundary condition ( 3.1§| ) at y = 0, we know the slope of xz(y) at y = 0. Higher 
derivative terms of \z (y) at y = can also be calculated by using the mode equation ( p. 15 ) . 
Taylor expansion near y = then gives 



xz(y) = c z 



9sw 



1 



1 alw 



(3.31) 



where Cz is a normalization constant. We note that this Taylor expansion can be viewed as 
an expansion in terms of M z , and also that g^ is given as a function of M w in eqn. ( [3.29D . 



Neumann condition in eqn. (3.20). Taylor expansion around y = 3irR gives 

1 



Similar analysis can be done at y = 3irR, where the slope of xz vanishes thanks to the 

ansion aroun< 

M 2 z (3irR - yf + ■ ■ ■ 



xz(y) = C z 



l 



(3.32) 



The continuity condition fl3,18| ) at y = 2irR determines the ratio of constants Cz and Cz- 



Cz = Cz 



^M 2 z nR - -M 2 (ttR) 2 + »' 1 ' - 

9o 2 3 % 



-M z (irRf + 



(3.33) 



while eqn. (ETTaD yields the size of the hypercharge brane kinetic term: 
g 2 Y = 2g 2 w (M 2 -M 2 / yR 



1 + ^(M| - 2M^)(vr J R) 2 + 2^(M| - M^irR) 2 + 



91y 



From this result, we may derive an expression for gy efi 



1 



1 



+ 



vri? 



1 



9y eS 9y 9\y 2g 2 w (M 2 - M^ttR 



(Mf - 2M^)(ttR) 2 + ■ ■ ■ 



(3.34) 



(3.35) 



We are now ready to determine the normalization constant Cz from eqn. (3.24). Initially, 
it appeared that Cz might depend on the bulk U(T) gauge coupling because of the non-trivial 
dependence on g^y in the third term of eqn. ( p.24| ). However, the fourth term in eqn. 
(|3.24|) also depends implicitly on g^y through g Y (see eqn. (B ) and we find that the g§y 
dependence in the two terms cancels at the order to which we are working. By examining the 
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power counting in M^ z , we see that we can ignore the y dependence of xz for y > 2irR in 
eqn. (3.24) once eqn. (3.34) is applied. Performing the integral yields 



3ttR 



dy 



ttR 



6(y-torR) t S(y-2irR) y \ 



9sy 



+ 



9y 



xz{y)\' 



i 



— + — \xz(y = 2nR)Y 
air 9y. 



1 



1 



(Mf - 2M 2 v )(nR) 2 + 



\ X z(y = 2nR)\ 2 (3.36) 



which confirms the cancellation of all g 2 Y dependence at this order. After a straightforward 
calculation, we obtain the normalization constant Cz 



r 2 



2 Mfa 



1 + -(M 2 z -M 2 v )(ttR) 2 + 



(3.37) 



Note that in eqns. ( 3.33j ) and ( 3.37] ) neither hypercharge coupling (gy or g^y) appears ex- 
plicitly to this order - all dependence on these parameters has been absorbed into M§. 

3.2.3 Photon profile 

The photon mode function possesses a flat profile, 

X 7 (V) = C 7> (3-38) 
with C 7 being a normalization constant. The normalization condition eqn. fl3.25|) then reads 



1 = c: 



2ttR 



\9bw 



+ — + 



ttR 



+ 



1 



9%y 9 Y 



(3.39) 



Inserting eqn. ( jOSD and eqn. ( gjg ) into this expression, we again observe the cancellation 
of the g 2 ^ and g 2 Y dependence between the third and the fourth terms. We find 



Ct, = 2gi w M^R 1 



1--(M w ttR) 2 + 



(3.40) 



3.2.4 Ideally delocalized fermions 

We now introduce the wavefunction assumed for the left-handed components of the ordinary 



fermions in this model. We focus here on ideally-delocalized fermions as defined in |2£ 
which have been found, in theory-space Higgsless models, to yield small precision electroweak 
corrections. An ideally-delocalized fermion's weak SU{2) current distribution on y £ [0, 2ttR) 
is derived from the VF-boson profile: 



\^(v)\w (X 



^<%-0 + ) + ^- 
% 9sw 



xw(y)- 



(3.41) 
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with the following normalization condition: 

1= r R dy\^(y)\ 2 w . (3.42) 
J o 

We thus obtain the ideally delocalized current distribution 

\1>(y)fiy = (1 - 2(M w itR) 2 ) S(y - 0+) + M&(2nR - y) + • • • , (3.43) 

where we have neglected terms of order (Mjy7ri?) 4 . 

The U(l) current distribution is defined on 2ttR < y < 3irR. Recalling that it is correlated 
with the SU(2) fermion profile, as in eqn. (|3.8|), we obtain 



|^(y)|| = (1 - 2(M w ttR) 2 ) 5{y - 2nR - 0+) + M^AttR - y) + M^{y - 2irR) + ■■■ 

= (1 - 2(M w ttR) 2 ) 5{y - 2-kR - + ) + 2M$ v ttR +■■■ (3.44) 

which is flat in the bulk. 

The right-handed components of the ordinary fermions couple to hypercharge (and, there- 
fore, to electric charge), and their couplings depend on the wavefunction for the right-handed 
components |V>(y)|y- This wavefunction is normalized 

/•3ttR _ 

1 = / dy\^{y)\ 2 Y . (3.45) 

J2nR 

We will assume, in what follows, that the left- and right-handed component wavefunctions 
satisfy 

\i>{y)\l-W{y)\l = 0(M^R) . (3.46) 

From equation ( |3.44j ) we see that, for example, a right-handed fermion wavefunction localized 
at y = 2itR 

$(y)\ Y = 6(y-2TrR-0+) , (3.47) 

would satisfy this requirement. 

3.3 Fermion Couplings to Electroweak Gauge Bosons 

In order to evaluate precision electroweak observables in our model, we must calculate the 
strength with which each fermion current couples to electroweak gauge bosons. The couplings 
of boson V to the weak and hypercharge fermion (left-handed) currents are given, respectively 
by the integrals 

f-2nR f-3nR 

9lf = / dy\iP{y)\ 2 wX v(y) , d\ = / dy\^{y)\ 2 Y xv(y) ■ (3.48) 

JO J2ttR 

Recalling that both the gauge profiles xw,z,-y and the fermion current distributions |V ; (y)lv^y 
have no explicit dependence on gy and g 2 Y at this order, we anticipate that the boson- 
fermion-fermion vertices will be likewise have no explicit dependence on these couplings. 
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For the photon, the two integrals are equal and yield 

/ /If 2 \ V 2 / 9 \ 

e = yfotftgwMw [l - -^f- J (^1 - -(M W ^R) 2 J . (3.49) 

The boson couples only to the fermion SU(2) current (as confirmed by the fact that Xw(y) 
vanishes for y > 2irR) and the coupling strength is 

gZ = V2^Rg 5W M w (l -^{M w nR) 2 ^j . (3.50) 

In a similar manner, Z couplings to the left-handed fermion SU(2) and U{\) currents are 

M 2 (2 \ 
g^r = V2^Rg 5Wl ^ (l - -(M w ttR) 2 \ , (3.51) 

g* = V^Rg 5W (^^) (l - \{M W ,R)^ , (3.52) 

where we note that g^ > and gy < in our phase convention. 

For right-handed fermions, the couplings of the photon and Z are given by the integrals 

g^ = / dy\^{y)\ 2 Y xv(y) ■ (3.53) 

J2ttR 

The normalization of this wavefunction, eqn. (|3.45| ), implies that coupling of the photon to 
the right-handed fermions will be given by e 2 of eqn. fl3.49|) - as required by gauge invariance. 
From the normalization of the wavefunction, and using the form of the ideally delocalized 
left-handed fermion current distribution ( 3.44| ), we find 

9y-9y= i'^dy (\m\ 2 Y ~ \m\ Y ) Xz(y) = O (eM^R A ) , (3.54) 

J2ttR V 7 

so long as the right-handed current distribution is approximately equal to the left-handed 



distribution, eqn. ( 3.46Q . 

4. Results in Warped Space: Planck brane U(l) gauge kinetic term 

We turn, now, to considering the case of an SU(2) x SU(2) x U(l) gauge theory in warped 
space; the fifth dimension is here denoted by coordinate z. The continuum 5D action corre- 
sponding to Fig. 1, in conformally flat coordinates, is given by 
rR' 



S = j R dz j d*x {-^r8(z -R- 0+)B^B pXV ^ V vX ^ 

+ [ R dz [ rf 4 ^f-Vw^ A + V; 2 n 2 fl 

JR J z 9§wa I J 
+ f R dz [ d i x^—\--W a Bpu W a BpX r ] ^ + \w^ z W% vzn A 

JR J Z 95WB I ^ z J 

+ f R dz [ d 4 x^- {--B pv B pX t P V vX + AB„ zV ^) , (4.1) 

JR J Z 9^Y I 4 1 ) 
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with WjL and Wg being the bulk SU(2) gauge fields in the A- and i?-branches. de- 
notes the U(l) gauge field which couples with fermions on either branch. Note that, in these 
conformally flat coordinates, one may interpret the action above as having z-dependent cou- 
plings (with coupling-squared proportional to z) in a flat background pjj. We assume large 
hierarchy between R and R' , 

R = R'exp(-^\ , 6>1, (4.2) 

in order to obtain light W and Z bosons. The operator in the first line of eqn. (|4.1|), which 
is localized at z = R, is a Planck brane hypercharge kinetic energy term. 
It is convenient to define dimensionless bulk gauge couplings, 

1 R 1 R 1 R 



~2 — 2 ' ~2 — 2 ' ~2 — 2 

9bWA %WA 9swB 9$WB 9$y 9$y 



(4.3) 



The gauge fields satisfy boundary conditions, 
d z W^ = 0, 



Ki = ^ W^ = B^ -^—d g W^ + ^-d z B ll = 0, (4.4) 

9bWB 9$y 

at the z = R boundary, and 

w%. = w b^ ^—d z w%r + ^—d z w a Bll = 0, 

9bWA 95WB 

d z B^ = 0, (4.5) 

at the z = R' boundary. For simplicity, in the following analyses, we assume the bulk gauge 
couplings in A and B branches are identical, 

9%w = 9%wa = 95WB- (4-6) 
The extension to g\y^^ / qIwb 1S straightforward. 

4.1 Mode equations and modified BCs 

The 5D fields W% (x,z), Wfe (x, z) and B^(x,z) can be decomposed into KK-modes, 

W%{z,z) =J2 W k n)1 ' 2 ( x )Xw(n)(z), (4-7) 

n 

W%(x,z) =J2 W k n)1 ' 2 ( x )Xw(n)(z), (4-8) 

n 

and 

Wl^x,z)= 1 »{x) X *{z) + Y,zfr\x)x A z{n) {z), (4.9) 

n 

W 3 B ,(x,z) = 1 ,( X ) X *(z) + Y J ZP(x) X B z{:n) {z), (4.10) 

n 

B^x,z)= 1 ^x) X Y ( (z) + Y J ZfrXx) X Y z{n) {z). (4.11) 
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The mode equations for W, Z and 7 can be read from the 5D Lagrangian. They are 

= zd z (- z d zX ^ B (z)\ + M^ B (y), (4.12) 

= zd z {U z Xz^ '(*)) + M 2 zX A z ' By {z), (4.13) 

= zd z (\d zX $' B ' Y (z)\ . (4.14) 

These equations hold at R + + < z < R' . The presence of Planck brane kinetic terms can 
be absorbed by the modification of the boundary conditions, and we find 



o=d zX Uz)\ y=R , 



= Xw\z=R> ~ *w\z=r> ' = 9 zXw{z)\ z=R , + d z Xw(z)\ z=R , , 

o=x^\ z=R , 

for the W mode functions, 

0=d zXz (z)\ z=R , 
= Xz\ z=R , ~ Xz\ z=R , , = d zXz {z)\ z=R , + d zX B z {z)\ z=RI , 



0= ^d zX B z {z) 



= Xz\ z=R ~ Xz 



z=R 



=R 95Y 



z=R 



9y 



z=R 



0=d zXz ~(z)\ z=RI , 



for the Z mode functions, and 



0=d zX A (z)\ z=R 



o=x 



l\ z =R' X~,\ Z=R 



B 



o=d zX A (z)\ z=R , + d zX B (z)\ z=RI , 



0= Xz\ z=R ~ X Y \ Z=R , 



—dzXy (z) 



9bW 



1 



+ -^-d z Xj(z] 

=R 9 5Y 



z=R 



(4.15) 

(4.16) 
(4.17) 

(4.18) 
(4.19) 
(4.20) 

(4.21) 
(4.22) 

(4.23) 
(4.24) 

(4.25) 

(4.26) 



o=d z x Y (z)\ z=RI , 

for the photon. 

In order to obtain canonically normalized 4D fields (W, Z, 7), these mode functions are 
normalized as 



1= f R dz^-\x&{z)\ 2 + f R dz4^\xUz)\\ (4.27) 
JR zg 5W J R zg 5W 

1= f R dz-^\xz(z)\ 2 + [ R dz-y\x B z(z)\ 2 + [ R dz-y\xz(z)\ 2 + ±\x Y z(R)\ 2 , 
JR zg 5W J R zg 5W J R zg 5Y g y 



(4.28) 



f R> 
1 = / dz- 



1 



IR zg 5W 



\x A (z)\ 2 +f dz-±-\ X B {z)\ 2 + [ dz-^\x Y (z)\ 2 + ^\ X Y (R)\ 2 . 
JR zg bW j R zg 5Y g Y 



(4.29) 
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4.2 Gauge Boson and Fermion Profiles 
4.2.1 W profile 

The mode equation for charged currents, eqn. ( 4.12| ), is solved by the functions 



fwN(z) 



1 



(M w z) 



f\VD{z) = M W zJi(M W z) 



i(Mvyz) 2 --^(M^) 4 + 
2 lb 



(4.30) 



(4.31) 



The function fwN satisfies the Neumann condition, eqn. (|4.17|) , at z = R, while Jwd satisfies 
the Dirichlet condition, eqn. ( 4.15| ), there. Hence the W mode functions can be written 



Xw( z ) = CwfwN{z), Xw( z ) = CwfwD(z), 



B 



iB 



(4.32) 



where Cy? and are normalization constants. 



As described in appendix |A|, solving for Cyy and yields 



a 



w 



3 2 
1+ 166 + 



(4.33) 



4.2.2 Z profile 

The Z profile can be studied in a similar manner. The functions 



1 



f ZN (z) = 1 - -{M z zY In - - - + (M z z) 4 ln- + 



R 



1 



16 



R 



f ZD {z) = MzzJ^Mzz) 



l( Mz z) 2 -±(M z z) i + 



(4.34) 



(4.35) 



solve the Z mode differential equation eqn. ( |4,13| ). The function Jzn satisfies the Neumann 
condition at z = R, while fzD satisfies the Dirichlet condition there. 
The Neumann condition eqn. (4.18) at z = R fixes the form of Xzi 



xiiz) = c£f ZN (z), 



(4.36) 



while we express Xz an( ^ ^ ne m °de functions in the Y branch as linear combinations of two 
independent solutions, 

Xi(*) = C# IfzD(z) + r B f ZN (z)] , (4.37) 
X Y Z {z) = C Y Z [f ZD (z) + r Y f ZN (z)] , (4.38) 
where the Neumann condition at z = R' eqn. (4.22) determines the constant ry, 



ry = -. 
o 



(4.39) 
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As described in Appendix [A|, we can solve for the constant tb 



°w * 
c w ~ s w b 



8 c 2 - s 2 b 



+ 



where 



c w 



2 _ 1 2 



and also solve for the normalization constants C%, C% , and C\ 



1 _j_ 3 2 c w 2 , 
16 6 + 



(4.40) 



(4.41) 



(4.42) 



2 ~ ^W 7 



2 r 



3 2 
1 "166 + 



(4.43) 



It is important to note that the normalization constants C% and C% are insensitive to 
the U(l) couplings g^y and gy individually - to this order these couplings serve only to split 
Myy from M|. The mode functions Xz an< ^ Xz are thus identical with those of a simpler 
SU(2) x SU{2) model without bulk U(l) gauge fields. This is the same result we observed 
in the flat space model. 



4.2.3 Photon profile 

The photon mode function possesses a flat profile, 

X$(z) = x» = X j(z) = C 7 , (4.44) 
with C 7 being a normalization constant. The normalization condition eqn. ( [4.29 ) then reads 



1 = C: 



2 b 



G 5 V 2 ' ~9lv 2 ' 9yJ' 



+ 



1 b 1 

+ 



(4.45) 



The RHS is actually independent of g\y\ as discussed in Appendix |A|, there is a cancellation 
between the second and third terms, as may be seen by inserting eqn. flQ3|) to obtain 



r 2 ~ (i 32 



(4.46) 



In other words, the photon profile is the same as in a simpler SU(2) x SU(2) model without 
bulk U(l) gauge fields. 
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4.2.4 Ideally delocalized fermions 

The ideally delocalized weak SU{2) current distribution of the left-handed fermions is given 
by 

\^ A {z)\ 2 w = C^f WN (z), (4.47) 
\^ B (z)\ 2 w = C^- b -f WD (z). (4.48) 

Z Zi 

These equations are analogous to ( |3.41| ), given eqn. ( 4.33 ) and interpreting the effects of AdS 
curvature as yielding - in conformally flat coordinates - a gauge-coupling squared proportional 
to z. 

Here the normalizion constant CV, is fixed by 

1= [ R dz[\ip A (z)\ 2 v + (4.49) 



We find 



C +-b 



l + O 



(4.50) 



1 

In order to enable a 5D interpretation of delocalized fermion to be made, the left-handed 
hypercharge current distribution |^/>(z)|y is the same as that of the weak fermion current: 



\^(z)\ z Y = CV- \fw N (z) + -fwD(z) j . (4.51) 

As in the case of flat space, we will assume in what follows that the right-handed hypercharge 
current distribution |-0(z)|y is approximately equal to the left-handed one 

M*-W* = oQ) • (4-52) 
4.3 Fermion Couplings to Electroweak Gauge Bosons 

We are now ready to calculate the couplings of the electroweak gauge bosons to an ideally 
delocalized fermion. The W boson couples with the weak SU{2) fermion current as 

f 

Ir 



n W 
9w 



dz [\<<P A (z)\ 2 wX A (z) + W B (z)\ 2 wX %(z)] . (4.53) 



Similarly, the Z boson and photon couplings to the weak SU(2) and U(l) left-handed hyper- 
charge currents are given by the integrals 



= / dz [\^ A (z)\ 2 wX A y (z) + \r(z)\ 2 wX %M , (4.54) 



ft 



g^= [ R dz\^(z)\ 2 YX Y Zn (z). (4.55) 
JR 
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Let us start with the photon coupling. It is straightforward to see 

= 9y = ^7) 
in accord with electric charge universality. 



7 

9w 



7 

9w 



7 

9y- 



We thus obtain 



95WSW 



1 



3_2 
16 b 



+ ... 



(4.56) 



(4.57) 



(4.58) 



By using the profiles of the mode functions determined in the previous sections, it is also 
straightforward to calculate other couplings. We find 



9w 



9w 



9y 



95W 



1 



b 
2 

T95WCW 



3 2 
166 



+ • 



' 3 2 



2 _ s w 
T95W — 
b cw 



1 3 2 



(4.59) 
(4.60) 
(4.61) 



Again, we note that these couplings do not depend on g^y and gy individually. 

As in the case of flat space, normalization of the right-handed fermion current distribution 
implies that the photon coupling to right-handed fermions will be given by e, as required by 
gauge invariance. Additionally, so long as the condition of eqn. ( |4.52| ) is satisfied, we will 
have near equality of the left- and right-handed couplings of the Z to the hypercharge current 



9 Z y 



~9y 



O 



b 2 



(4.62) 



5. Precision Electroweak Corrections and Equivalence of Models 

Precision electroweak corrections may be compactly defined with reference to the matrix 
elements for four-fermion processes. The most general form of the matrix element for four- 
fermion neutral weak current processes any Higgsless model may be written ||, [u| 

QQ! , (h-s 2 Q)(I' 3 -s 2 Q') 



-M 



NC 



Q 2 



+ 



g 

16tt 

ax) 



Q 2 + 



(5.1) 



^2 7 3^3 + 4V2Gjr (Ap - oT) (Q - h){Q! - l' 3/ 



and the corresponding matrix element for charged currents is 

(I + I'_+I-I'+)/2 +V ^ G a5 (!+!'_ +!-!'+ 



-M 



cc 



(e 2 16vr) Q2+ 4v^G F ( 1 + 43^) 



2„2 



(5.2) 
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Here l£ and fiW are weak isospin and charge of the corresponding fermion, a = e /4tt ; Gf is 
the usual Fermi constant, and the weak mixing angle (as defined by the on-shell Z coupling) 
is denoted by s 2 (c 2 = 1 — s 2 ). The deviations from the standard model are summarized by 
the parameters aS, aT, Ap, and a5. 

The forms of the couplings of the electroweak gauge bosons to the ideally delocalized 
fermions in the flat-space model analyzed in section 3 imply that all precision electroweak 
corrections vanish at the order to which we are working - just as we found in our work on 
the deconstructed SU(2) N x 17(1) linear moose ||. Because eqns. ( ggp , (|3~5ll ), and ( gjp 
yield the relationship 

-e 2 = g^g$ (5.3) 

the parameter aS vanishes to this order. Similarly, because eqns. O), (|3~5l| ) and ( ^52|) 
imply 

G#) 2 _{g z w -g z Y ? 



™w M z 



(5.4) 



we find that aT = 0. By construction, the fermion and W boson profiles are related as in 
eq. (3.41). As a result, if we compute the coupling of the fermion weak current to one of the 



higher charged-current KK modes, Wi n >\) (cf. eq. ( |3.48| )), the result is 
w(n>i) f 2nR , J 1 , S(y-0+) \ 

9 W = d v\ ~i— + 2 — r xw in > 1} xw[y), (5.5) 

JO 195W % ) 

which vanishes because the different KK modes of the W are mutually orthogonal. Hence, 
exchange of higher W KK modes makes no contribution to Gf, meaning a5 = 0. Finally, 
as shown in appendix [b|, we find that the contribution of higher KK- modes to Ap — aT is 
negligible; since we have already found that aT = 0, we conclude that Ap also vanishes. 
Translating 0] to the language of Barbieri et al j2jj, we have S = T = W = Y = 0. 

Similarly, our results in the warped-space model analyzed in section 4 show that precision 
electroweak corrections are at most of order (1/6 2 ). The couplings derived in section 4.3 ensure 



that the relationships (5.3) and (5.4) are satisified; these guarantee that aS and aT vanish 
to order 1/6. The fermion and W boson profiles are related such that the coupling of the 
fermion weak current to one of the higher charged-current KK modes Wr n >i\ is of the form 



W(n>l) / , i- n 

9 W = dz-Cj, 

JR z 



(5.6) 



This vanishes due to the mutual orthogonality of the charged-current KK modes. As in the 
flat-space case, then we have a5 = 0. 

The five-dimensional models studied here include both a bulk hypercharge gauge group 
and a brane hypercharge kinetic energy term, and also derealization of the hypercharge prop- 
erties of the fermions (correlated to the derealization of their SU(2) properties). Nonetheless, 
we have seen explicitly that the profiles (including normalization) of the neutral gauge bosons 
and their couplings to the ideally delocalized fermions have no explicit dependence on either 
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the brane or bulk hypercharge couplings. To this order, these couplings serve only to split M| 
from Myy- Naturally, all properties of the charged gauge bosons are also independent of hy- 
percharge. We conclude that studies of the phenomenology of models with ideal derealization 
can be made using a simpler higher-dimensional theory: a five-dimensional SU(2)a x SU (2)b 
gauge theory with hypercharge entering only through a brane kinetic term and ideal fermion 
derealization taking place only with regard to SU (2) properties. This finding is applied 
directly in our study |3(J of the multi-gauge boson vertices and chiral lagrangian parameters 
in Higgsless models with ideal derealization. 



6. A Counter-Example: TeV brane £7(1) gauge kinetic term 




Figure 6: Spring system corresponding to the neutral gauge-boson sector of SU(2) 2 x 17(1) model 
with a brane kinetic term, mo oc l/g^ Wl my oc 1/gy, and m' Y oc 1/g'y are larger than all of the other 
masses in the chain. 

We now analyze a modified version of our warped-space bulk SU(2) x SU(2) x U(l) model 
which includes a TeV brane U(l) gauge kinetic term. This model provides a counter-example 
to our previous discussion in the sense that the bulk and brane kinetic £7(1) couplings will 
now appear separately in the calculation of the 7, W, and Z couplings. The action for this 



model^ contains the term [34] 



^TeV 



R' 



dz 



R 



d 4 x 



B! + + )B 



(6.1) 



in addition to those given in eqn. (|4.1| ). 

The spring system corresponding to the neutral gauge boson sector in this case is shown 
in figure 6 and, as drawn, we will consider the system in the limit that g Y < g'y or m y < 
The zero mode corresponds to translation of the entire system, as before. The lightest non-zero 
mode again corresponds, roughly, to a "breathing" mode with masses mo and my oscillating 
slowly apart. To the extent m' Y is not negligible, however, we expect that the distance between 
my and m' Y will oscillate slowly as well. In this case, it is not possible to replace all of the 

§We should note that the models discussed in refs. pi| , pi[ envision an SU(2)l X SU(2)r bulk gauge 
theory, with the left-handed fermion zero-modes arising from bulk fermions charged under SU(2)l and the 
right-handed ones arising from bulk fermions charged under SU(2)r. In the models discussed in this paper, 
the left-handed fermion zero modes arise from bulk fermions charged under both SU(2)a and SU(2)b, while 
the right-handed zero modes arise from bulk fermions charged only under U(1)y- Because the W boson arises 
from both SU(2)a and SU(2)b, ideal fermion derealization cannot be realized with a SU(2)l x SU(2)r gauge 
structure. 
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ffy b m Y 



U{1) masses by a single effective mass - as in eqn. fl2.3| ). As we will see, this will lead to 
potentially large corrections to the electroweak parameters of order (my/my) 2 , 

The calculations proceed analogously to those in section 4, see appendix |C| We will 
perform the calculation perturbatively in the coupling g'y, so it will be convenient to define 

(6.3) 
(6.4) 
(6.5) 
(6.6) 



For ideally delocalized fermions, we find 

^2 



i _ _^_2 , 1 s w hw J2 , 
16 6 ~„2 V 



4 c w g 5Y 



9w 



9w 



3 2 



-^gswcw 



16 6 + "' 



A r 4 -2 



'W #5y 



2 _ s^y 

Tfi'siy 

o cw 



-i ^_2 _ 1 s w hw 12 , 

166 4c^5|y 



Note the non-trivial dependence^ on rf ', and hence dependence on g$y beyond that encoded 
in the splitting between M w and M|. These couplings result in non- vanishing aS and aT, 



aS 



aT 



L 9 ~2 ' ' 

1 9%W r) /2 
'/ > 



2 c 4 <?|y 

even for the case of ideal derealization. This is consistent with the results of j 
models with localized fermions which are not precisely "case 1," as defined in [16]. 



(6.7) 

(6.8) 
for Higgsless 



7. Conclusions 



In this paper we have discussed ideal derealization of fermions in a bulk SU(2) x SU(2) x U(l) 
Higgsless model with a flat or warped extra dimension. So as to make an extra dimensional 
interpretation possible, both the weak and hypercharge properties of the fermions were de- 
localized, with the left-handed f7(l)y current of fermion being correlated with the SU(2)w 
current. We showed that (up to corrections of subleading order) ideal fermion derealization 
yields vanishing precision electroweak corrections in this continuum model, as found in the 
corresponding theory space models based on deconstruction. Furthermore, we have shown 
that the phenomenology of these models is - to this order - equivalent to that of a simpler 
SU(2) x SU(2) model. The leading phenomenological constraints on Higgsless models with 
ideal derealization come from studies of the constraints arising from deviations of the ZWW 



vertex, a topic investigated in [3C]. 



^The couplings reproduce the results of section 4 in the limit 
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A. Explicit Calculations in Warped Space 

This appendix includes the explicit calculations of the normalization constants for the gauge 
boson wave functions. 

A.l W profile normalization constants 

It is convenient to define 

fwN(z) = 1 - \(M w zf (in | - 1) + ±- Q {M w zf In ± + • • • , (A.l) 
f\VD(z) = M w zJ 1 (M w z) 

= h Mw z) 2 -±-{M w zf + -- - . (A.2) 
z 16 

Both functions satisfy differential equation eqn. ( |4.12j ). The function fwN satisfies the 
Neumann condition at z = R, while fwD satisfies the Dirichlet condition. By using these 
functions we can express the W mode functions satisfying the boundary conditions Eqs. fl4.15 ) 
and Q4.17|) as 

XwW = C^rfwN(z), XW{Z) = C^fwD(z), (A.3) 



where and C^/ are normalization constants. The boundary condition eqn. ( 4.16| ) then 
reads 

,. '2 j ;r A : '^(['t). (a. 4) 



yf{ VN ( z = R') f WD ( z = R')j \a 



w 



with f^- N and f' WD being defined as fw N (z) = d z f N (z) and f^ D {z) = d z f D (z). In order to 
obtain non-zero Cfy B the determinant of the matrix in eqn. ( |A.4| ) should vanish, 

r, _ fwD( R ') . fwD{R') /A r\ 

fwA R ') fwN(R') ' { ■ ) 
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From the definitions of Jwn{z) and /wd(z) we can write the explicit expansions 



fwN(R') = 1 - \(M W E!) 2 + \(M w B!f + ^(M W RT + ■■■ 

fwD(R') = \{M W R'? ~ -^{M W R'Y + ■■■ , 
2 lb 



R'fwN(R') 



h -{M w R') 2 + b -(M w R'f + ... , 
1 



R'fwoiR') = (M W R') 2 - \{M w R'f + 



(A.6) 
(A.7) 
(A.8) 
(A.9) 



It is now straightforward to determine the W mass as a function of the warp factor b from 
eqn. (|A.5|) . We obtain 

(M w R') 2 = l[l + H + •••]• (A.10) 

Note here M\y is suppressed by 1/6. 
From Eqs.(|Al|) and (|AT9|) we see 

fwN(R') __ 



fwD(R') 2 
Comparing this expression with eqn. (|A.4j) we find 
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We now turn to the normalization condition eqn. ( [4.27 ). It is straightforward to show 
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dz- z \f WN (z)\ 2 = b --^ + 



f n 1 
/ dz- |/, 

Jr z 
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where we used eqn. ( A.1C ) so as to express the results solely in terms of b. Finally, we can 
calculate the normalization constants C^ B , 



-j^95W 



, 3 2 

1+ wb + --- 
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A. 2 Z profile normalization constants 

The Z profile can be studied in a similar manner. We define 

I . , „ / z 1 



f ZN (z) = 1 - -(M z z) 
f ZD {z) = M z z.h{M z z) 



In 



R 



+ L( Mz zf\n- + --- 
16 v ; R 



l -{M z zf-^(M z zf + . 



(A.16) 
(A.17) 



- 23 - 



Both functions satisfy differential equation eqn. (|4.13| ). The function fzN satisfies the Neu- 
mann condition at z = R, while fzD satisfies the Dirichlet condition. 
The Neumann condition, eqn. ( 4.18 ), at z = R fixes the form of x z > 

Xz(*) = CifzN(z), (A.18) 

while we express Xz as a fi near combination of two independent solutions, 

Xz{z) = Cf [f ZD (z) + r B f ZN (z)] , (A.19) 
with tb being a constant. The mode function in the Y-branch (xz) can a ^ so be expressed as 

Xz(*) = C Y z Ifzn(z) + ryfzN(z)] , (A.20) 



where the Neumann condition, eqn. (|4.22| ), at z = R' determines the constant ry, 

2 

ry = — . 



(A.21) 



The constant rg is determined from the boundary condition at z = R', eqn. ( 4.19| ), which 
may be written 

( fzN(R') -fzD(R')-r B fzN(R')\ (C$\ 
{ f'zN(R') f'zD(R') + r B f ZN {R') \ C§ ■ 



(A.22) 



Again the determinant should vanish. We thus find 



n = f'zp( R ') , fzp(R') „ 
/' (R')^fzN(R') B ' 



It is easy to show 



fzD(R') 



(A.23) 
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f'zN(R') b 

The calculation of fzD(R')/fzN(R') is a little more involved. We introduce the weak mixing 
angle defined by the M\y/Mz ratio, 



2 _M 2 W 



2 _ -i 2 
Syy — 1 — Cyy. 



(A.25) 



Using eqn. ( |A,1C| ), the MzR' terms in fzD(R')/fzN(R') can be re-expressed in terms of b 
and Cyy, yielding 



fzD(R') 



1 



fzN(R') C 2 W - S' w b 



w 



r2 _ ,2 

Combining Eqs. ( |A~23D , ( gjg ) and flA~2l| ), we find 



4 r 2 2 5 



T + 



(A.26) 



This, in turn, leads to a relation between C% and C%. Prom eqn. ( A. 22 ) we can read off 
the equation 

f'zD(R') 



TB + 



S'znW) 



Combining this with eqn. (A. 24) and eqn. (A. 27), we find 



(A.28) 
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The last piece we need before separately determining C% and C% may be obtained by 
considering the mode function in the Y branch Xz{z), eqn. ( A.2C| ). The boundary condition 
eqn. ( 4.20 ) determines the constant CX, 



r Y w — r u rr, — " w 

^Z r Y — ^Z r B— 



w 



3 2 
8c^b + 



(A.30) 



Combining the boundary conditions eqn. flPcD and eqn. ( ^2l|) , we also find an expression 
for the brane kinetic term l/<7y, 



9y 



~g 2 w M*Rx%{z) 



z=R 



~g 2 Y MlR X Y M 



z=R 



Plugging eqn. ( |A.19| ) and eqn. ( |A.2Q ) in eqn. ( |A.31| ) we obtain 



9y 



1 1 



1 1 

r Y 9sy ' 



Substituting eqn. ( |A.21| ) and eqn. (A. 27) in this expression, we further see 



1 

7 Y 



12 + 



1 b 

9sy 



be 2 - s 2 



2 2 



1+1- 



s 2 b + 
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(A.31) 



(A.32) 



(A.33) 



Note that this particular combination of gy and g$y depends only on the bulk SU(2) coupling. 

We are now ready to determine the normalization constant C% from eqn. ( |4.28| ), This 
equation contains both an explicit dependence on the bulk U(l) coupling g§y in its third 
term and an implicit dependence on g^y in its fourth term, through the g Y value calculated 
in eqn. ( A.33| ). However, these two g§y dependences cancel at the order we are working to, 
as we shall now see. First, we note that 



R' 



dz— 

z 



fzN(z) + —fzv(z) 
ry 



(A.34) 



The absence of a 6° term in eqn. ( [A.34 ) reflects the approximate flatness of the mode function 
Xz(z). The third and fourth terms of eqn. ( 4.28| ) therefore yield 
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I Y 1 \|2 1 
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1 ' <£y * 



(A.35) 
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Inserting Eqs. flP]D and d03|) in the RHS of this expression, confirms the cancellation of 
the <?5y dependence at this order. 



To complete the calculation, we first compute the remaining terms in eqn. (4.28) 
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1 
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R Z 
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We then obtain the normalization constants as 
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and 
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We emphasize once again that these normalization constants C%, C% are insensitive to the 
bulk U(l) coupling g§y. The mode functions x"z ano - Xz are thus identical with those of the 
simpler 577(2) x SU(2) model without a bulk 17(1) gauge field. 



B. KK-mode contribution to Ap — aT in flat space 

In this appendix we restrict ourselves to the gy — ► limit; extension to finite gy is straight- 
forward. 

In the flat-space model we have a series of neutral KK-modes, 

( for y < 2nR, 

sin f^fa- 2.^ » f 8 ' 1 ' 



Z(n) 



sm 



o/? (y-2irR)j for // > 2~/?. 



in addition to the neutral KK-modes which are degenerate with the charged KK modes in 



the gy — > limit. Since the KK-modes of eq.(B.l) overlap with the hypercharge current 
distribution eq.( 3.44j ), we need to consider possible contributions [16] of these KK modes to 
Ap — aT, i.e. to four-fermion processes at low energies. However, investigating the coupling 
of these KK-modes to the fermion U(l) current, we find 

Z{n) 4 1 - (-1)™ i s 2 

9y = 7, 7—Cz( n )(M w iTR) , 

7r 2n — 1 v ' 

with 



C 



Z(n) 



ggjy 
ttR ' 



(B.2) 
(B.3) 



Therefore, contributions from these KK-modes are suppressed by (MwirR) 4 

(a Z{n) ) 2 

Z(n) 

and are negligible to the order we are working. 



(B.4) 
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C. Calculations with a TeV Brane U(l) gauge kinetic term 

In this appendix, we consider the effect of adding a TeV brane U(l) gauge kinetic term 

S Te v = j* dz J d 4 x {-^ 8(z -R' + + )B^B pX rfPr] vX ^ . 



(C.l) 



to the action eqn. (4J) [34]. We perform the calculation in an expansion in powers of 



V 



(C.2) 



In the following calculations, we neglect 0(l/6 2 ), 0(r/ 3 ), 0{rj /b) contributions to the fermion 
couplings - we only retain terms which suffice to calculate these couplings, and therefore aS 
and qT, to 0(1/6) and 0(r]' 2 ). 

Because the charged sector of this model is independent of rf , both the W profile and 
the profile of an ideally delocalized fermion - and therefore the results of sections 4.2.1 and 



4.2.4 - are unaltered. 



The presence of the TeV brane gauge kinetic action eqn. (|C.1| ) modifies the boundary 
condition of Xz e Q n - (4.22) and the normalization conditions of the Z and photon mode 
functions eqn. ( 4.28 ) and eqn. ( |4.29| ) , 
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The analysis of the Z mode wavefunction proceeds as in section 4.2.2 and appendix [A], 
with some expressions now depending on . Specifically, 
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eqn. ( A.33| ) is replaced by 
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eqns. (|A.34 ) and ( A.35| ) are, respectively, replaced by 
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Ultimately, the expression for the normalization constants eqns. flO^) and ({Of) become, 
respectively, 



-^gsw^w 
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Note here that the normalization of the Z mode function in SU{2) branches (C^' B ) is sensitive 
to the coupling in the U(l) branch (gsy) at the order of rf 2 . 

For the 7 wavefunction, section |4.2.3| , we find that eqn. ( |4,45| ) and eqn. ( f4,46| ) are 
replaced by 

/ •■) i. 1 ;. 1 1 \ 

(C.12) 
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and 
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Again observe that the normalization of the 7 mode function (C 7 ) is sensitive to the coupling 
of the U(l) branch (gsy) at this order. 

Calculating the couplings of an ideally delocalized fermion, we find the results quoted in 
eqns. (O) - ([ 
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